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We interpret the additive middle convolution operation in terms of the Har- 
' nad duality, and as an application, generalize the operation to have a multi- 

parameter and act on irregular singular systems. 
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Abstract 



1. Introduction 



^ I The middle convolution introduced by Katz [|26ll and reformulated by Volklein [|40h . 



^ i Dettweiler-Reiter nlm is an operation acting on 

OO ■ • the category of local systems on a punctured projective line (in the multiplica- 

^ tive case); or 

• that of Fuchsian systems (in the additive case). 

The two multiplicative and additive operations match up via the Riemann-Hilbert cor- 
respondence [lisll . Katz effectively used the middle convolution to study irreducible 
local systems which are rigid, namely, have no deformation preserving the local mon- 
odromy data, and proved that any such a local system is obtained by applying a finite 
iteration of tensor multiplications by rank 1 local systems and middle convolutions, 

ications of the middle 



to some rank 1 local system [|26h . One can find many other app 



convolution; in particular, to the Deligne-Simpson problem [|l5Lll6l l28n. to the classi- 
fication/connection problems [[bsI] . and to the theory of isomonodromic deformations 
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In this article we focus attention on the additive middle convolution. First recall 
its definition following Dettweiler-Reiter ifni Appendix]. Fix a finite set D of points 
in C and suppose that a pair (KA) of a finite-dimensional C- vector space V and a 
Fuchsian system 

'^=A{z)u, A{z) = y^—, A,6End(y) (1.1) 

with singularities on D U {00} is given. Here we do not distinguish a system (|l.ll) 
and its coefficient matrix A{z) fixing the coordinate z- The definition of the middle 
convolution mcxiV^A) is divided into the following two steps. 

(MC 1) Set Wt:=VI KerA,, t e D, and let 

• Qt - Wt ^ Vhe the injection induced from At; and 

• Pf '. V ^ Wfhe the projection. 

Obviously we have A, = QtP,. Set W := 0,^^ Wr and let Q: W (resp. P:V^ 
W) be the linear map whose block components with respect to the decomposition 
W=^Wt are Q, (resp. P,). 

(MC 2) For AeC, set := W/ Ker{PQ + Ald^), and let 

• Q'^ . W ^ V'^ he the projection; and 

• P'^: V'^ ^ W be the injection induced from PQ + A Idw- 

Obviously we have P'^Q'^ = PQ + Aldw Let Qf-.W,^ V'^ (resp. Pf-.V^^ Wt) be 
the block components of Q'^ (resp. P'^). 

Definition 1.1 (Dettweiler-Reiter). We call 



mcA(.V,A) := {V\a'), A\z) = J] 



the (additive) middle convolution of (V, A) with A. 



Here looking at the above procedure, one can observe that the given pair (V,A) 
and its middle convolution are described as 



A(z) = Qizldw - TT'P, A\z) = Q\zldw - Tr'P\ 
where T := 0^fldvi/, 6 End(W). Such an expression of a system can be found in 



the papers of Adams, Hamad, Hurtubise and Previato [|ll-l3Ll21l] and implicitly in that 
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of Jimbo-Miwa- Mori-Sato n25\\ . In particular, Harnad fell) considered two systems 



having the following symmetric description: 

A{z) = S+ Qizldw - TT'P, BiO = T + Pia^v -Sy'Q, 

where Q e Hom(W, V), P e Hom(y, V7), and S,T are semisimple endomorphisms 
of V, W respectively. He then obtained an equivalence (called the Hamad duality) 
between the isomonodromic deformations of the systems A{z) and -B{^). Note that if 
S = 0, we have B{^) = T + PQ^ K So the procedure getting the middle convolution 
can be rephrased roughly as follows: for given Fuchsian system A(z) = Q(zldw - 
T)-'P, 

(a) take its 'Harnad dual' Q B{0 = T + PQC^ ; 

(b) shift BiO by ; and then 

(c) take the Hamad dual again. 

Such a relation between the middle convolution and the Hamad duality is already 



known by Boalch [IllL 11211 . It may be viewed as another formulation of Katz's in 



terpretation of the middle convolution via Fourier transform [|26l §2.10]. Note that 
the above procedure makes sense even in the case that S is an arbitrary semisimple 
endomorphism. Suppose that a system A{z) = 5+2 ^tl{z - t) with simple poles 
on D and a pole of order 2 at oo is given. Then at step (a), take its Harnad dual 
B{0 = T + P(^ Idy -Sy^Q. Next at step (b), shift it by some rank 1 Fuchsian system 
a(0 having singularities at the eigenvalues of S . Finally at step (c), take the Harnad 
dual again. Then we get the middle convolution mCa{A) with a. Boalch generalized 
the Harnad duality, called the cycling, and obtained a further generalization of the 
middle convolution (see ifisi §4.6]) for systems with simple poles at D and a pole of 
order 3 at cx) which has a 'normal form' (see Definition l6.7l) . 

If T is not semisimple, then the matrix-valued function 2(zldw - TY}P has in 



general higher order poles at the eigenvalues of T. In fact, it is known [1271 14211 that 
for any system of the form 

^' A 

A(z) = _^^-^, AaeEnd(y), A:, 6 Z>o, (1.2) 

teD k=\ ^ 

there exist a finite-dimensional C-vector space W, an endomorphism TofW and ho- 
momorphisms Q: W ^ V and P: V ^ W, such that A(z) = Qizldw - Ty^P. One 



^For convenience, we use the terminology 'Harnad dual' on the system B{^), not on -B{0, while 
the original 'Harnad duahty' is the correspondence between A{z) and -B(^). 
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may then expect that the middle convolution operation mca can be generalized to that 
acting on systems of the form (I1.2I ). In order to obtain such a generalization, we have 
to make a rigorous meaning of the 'Harnad dual', because for given system A(z), the 
choice of datum (W, T, Q, P) satisfying A{z) = Q{zldw - T)~^P is not unique, so we 
have to eliminate ambiguity of the choice in a certain canonical way. In Fuchsian case, 
what we do in (MC 1) gives the answer to it, so the problem is easily solved. In this 
article, as a generalization of the procedure (MC 1), we give an explicit construction 
of {W, T, Q, P) for any system A{z) of the form (11.21) . and show that it is 'canonical' 
in the following sense: the constructed datum {W, T, Q, P) together with V, which we 
call the canonical datum for A{z) (Definition 14.61) . satisfies a stability condition (Defi- 
nition l33l) in the sense of Mumford's geometric invariant theory, and is characterized 
up to isomorphism via this condition. More precisely, we show the following: 

Theorem 1.2 (Proposition 14. 1 1 and Proposition 14.71) . For any system A{z) of the form 
as in (11.21) with V Q, the canonical datum is stable; in particular, there exists a 
stable datum {V, W, T, Q, P) satisfying Qizld^ - Ty^P = A{z). 

If two data {V, W, T, Q, P) and {V, W, T' , Q', P') with the same V are both 
stable and satisfy 

Qizldw - TT'P = Q'izldw^ - T'y'P', 
then there exists an isomorphism f : W ^ W such that 

Q' = Qf-\ P'=fP, r=fTf-\ 

Using the canonical data, we can define the notion of Hamad dual as follows: for 
given system of the form 

^' A 

A{z) = S+A\z), ^°(^) = E Z FTT^' e End(y), fc, 6 Z>o, (1.3) 

KD k=l ^' 

take the canonical datum (V, W, T, Q, P) for the system A°(z), and set B{Q := T + 
P(^ Idy -ST^Q.We call the pair {W, B) as the Hamad dual of (K A) and denote it by 
HD(V',A) (Definition 15.21) . Then the above characterization in terms of the geometric 
invariant theory gives the following two basic properties of HD: 

Theorem 1.3 (Theorem 15.81) . Suppose that a pair {V,A) of the form as in (|1.3|) with 
V i^Q satisfies the following two conditions: 

(a) (y,A) is irreducible, namely, V has no nonzero proper subspace preserved by 
all A, J. and S ; 
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(b) (V, A) is not equivalent to a pair of the form (C, s), s e C, under constant gauge 
transformation. 

Then HD(V',A) is also irreducible and HDoHD(V',A) is equivalent to {V,A) under 
constant gauge transformation. 

Theorem 1.4 (see Theorem 15.101 for the rigorous statement). The correspondence 
between {V,A) and {W,-B), where {W,B) = HD(V',A), gives a symplectomorphism 
between naive moduli spaces of irreducible systems of the form as in (11.31 ) having 
different singularities with different truncated formal types. 

Now the middle convolution (Definition 16. II) is defined as 

mCa{V,A) := HD o adda o HD(y, A), 

where the parameter a(^) is a rank 1 system having singularities at the eigenvalues 
of 5 = lim^^oo A(z), and adda '■ iW,B) (W,B + a)is the addition operator. Note 
that here we do not require that S,T are semisimple or a is Fuchsian. We obtain the 
following properties of mca, which are well-known in the original case, as corollaries 
of the above two results on HD: 

Corollary 1.5 (Corollary 16.31 and Corollarv l6.4| ). Suppose that a pair (V,A) of the form 
as in (|1.3I) satisfies Conditions (a) and (b) in Theorem U .3\ Then mco(y,A) ~ (V,A). 
Furthermore, if a rank 1 system a(^) with singularities at the eigenvalues ofS satisfies 
mCa{V,A) + (0,0), then mCa(V,A) is also irreducible and 

mc/j o mCa(V,A) ~ mCa+/j(V,A) 

for any /3. 

Corollary 1.6 (see Corollary [63] for the rigorous statement). The middle convolution 
mCa gives a symplectomorphism between naive moduli spaces of irreducible systems 
of the form as in (|1.3I) having different singularities with different truncated formal 
types. 

Arinkin also generalized Katz's middle convolution to the irregular singular case 
in 2)-module setting [Q], and generalized Katz's algorithm by adding the Fourier trans- 
form to the original one Jsj]. We show using our generalized middle convolution that 
Katz's algorithm works well for 'naively rigid systems having a normal form' (see 
Definition 17.11 and Definition 16.71) . which corresponds to the case that the Fourier 
transform is not necessary in Arinkin's generalized algorithm: 
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Theorem 1.7 (Corollary 17.61) . Suppose that a pair {V,A) of the form as in (11.21) with 
dimV > 2, Res,=oo^(z) = is irreducible, naively rigid, and has a normal form at 
any t e D. Then applying a suitable finite iteration of operations of the form 

adda o mQ/^ o adda, a e £^(C), A = Res a(z), 

Z=oo 

makes (V,A) into an irreducible pair of rank 1. 

2. Setting 

For a positive integer k, we set 

Sk:= C[z]/z'C[z], S':= z-'C[z]/C[z]. 
5 <; is a A:-dimensional C-algebra, and the pairing 

S, ®c S' ^ C; (f,g) ^ Res(/(z)^(z)) 

gives an identification SI = Homc(5^:, C) - S''. 
For a finite-dimensional C- vector space V, set 

GkiV) := Ants,(St ®c V), gt(V) := End5,(5, ®c V). 

Any element of QkiV) is uniquely written as 

^o + ^iZ + --- + ^k-iz'-\ ^,-6End(y), 

and Gk(V) is just the subset of Qk{V) defined by the condition det^o ^ 0- It has 
naturally a structure of complex algebraic group and the associated Lie algebra is 
nothing but Qk(V)- The C-dual qI(V) of Qk(V) can be identified with the set 

{ mz~^ + mz'^ + • • • + mz''' I e End(y) }. 

For Tj = TjjZ'^ 6 g^(y), we denote by ord(?7) the pole order of rj; 

ord(77) := max({ j > 1 | 77; ^ } U {0}), (2.1) 

which is preserved under the Gi(y)-coadjoint action. 

-> 

For a collection k = {kt),eD of positive integers indexed by a finite set D of points 
in C, we set 



A , 



I teD k=\ ' 
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A,, 6End(y)L 



and regard A(z) e fijf( V) as a system of linear ordinary differential equations 

— = A(z)u 
dz 

with singularities on D U {oo}. If we define 

f€D teD teD 

then £^(V) is isomorphic to 0^(V) by the map 

and hence naturally acts on fi^(V). 

Now for two finite-dimensional C-vector spaces V and VK, we set 

M(V, W) := Hom(W, V) © Hom(V, W). 

It has a natural symplectic structure 

oj = tTdQA dP, (Q,P)e M(V, W), 

and the group Gh{V) x GL(VK) acts symplectomorphically on M(y, W) by 

(fl, Z?) • (Q, P) := (fl!2Z7-\ bPa'^), (a, b) e GL(V) x GL(W). 

Note that the map (mv,I^w) ■ M(V; W) qI(V) © 0l(W) defined by 

MQ, P) ■■= QP, i^wiQ, P) ■= -PQ, 

is a moment map generating the GL(V) x GL(W)-action, where we identify the Lie 
algebras 0l(VK) with those duals via the trace pairing. Let T e End(W) be an 

endomorphism with eigenvalues in D and W = ^^g^, Wt be its generalized eigenspace 
decomposition. Let Nt := T\w, - tldw, e End(W() be the nilpotent part of T restricted 
to W,. Then we can consider the map 

Q>T : M(V, W) ^ Sj^iV); (Q, P) ^ Q(z Idw - Ty'P, 

where kt = min{j G Z>o; A^/ = 0}. To see it is well-defined, for (Q,P) e M(V, W), 
let (Qt, Pt) € M(V, Wt) be its M(V', Wf)-component with respect to the decomposition 
M(K W) = M(V, W,) induced from W = W^. Then we have 

Q (z Idw -Tr'p = YuQ^ - ^) I'i^' - 

(6D 



teD 



teD k=l ^' 

Therefore ^t{Q, P) can be considered as an element of &t{V). 
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Theorem 2.1 (Adams-Hamad-Hurtubise-Previato). For g = (gtiz)) 6 G^iV) and 
(Q,P) 6 M(V; W), let (g ■ Q,g ■ P) 6 M(V; W) be the point given by the following 
formulae: 

gt{z)Qt{z - NtY' = {g ■ QUz - NrT' + holomorphic, 
(z - N,)-'P,g;\z) = iz- Nrr\g ■ P)t + holomorphic. 

Then it gives a well-defined Hamiltonian action of G^{V) on M(y, W) with moment 
map Oj-. 

More explicitly, (g ■ Q, g ■ P) is defined by 

k,-l k,-l 

{g-Q)t^gfQ,:=Yj StMtNl {g-P)t^gfPt:=Yj N'P,(g;')k, (2.2) 

k=0 k=0 

where g,(z) = Yjgt,kz'', gj^z) = J^(gi^)kz''. Note that the above gives actions on 
Hom(W, V) and Hom(V', W) separately and the two are coadjoint to each other. 

The proof was given by Adams-Harnad-Previato in the case that T is semisim- 
ple and by Adams -Harnad-Hurtubise 111] in general cases. Strictly speaking, the orig- 
inal result is stated in terms of loop group action, however one can easily derive the 
above from it. 

Recall that any moment map is Poisson. Therefore the above theorem connects 
two Poisson manifolds M(V, W) and &j^(V), the space of systems of linear differential 
equations, via O^. 

-> 

Now, take one more finite set E of points in C and a collection / = {ls)seE of 
positive integers indexed by E. Let S be an endomorphism of V with eigenvalues in 
E and V = ® K be its generalized eigenspace decomposition. For any s e E, set 
Ms := S\v, - sldv^ and suppose M'' = 0. Then we can also define 

■■ M{V, W) ^ 6j{W), {Q,P) ^ -P(adv -Sy'Q, 

where we denote the indeterminate by ^ instead of z. It is a moment map generating 
the following G/(iy)-action on M(V, W): 

'i-i '.,-1 
(h ■ Q)s = Ih ■Qs -=J] KQ^^K')u (h ■ P). = h, • P, := h,jP,M[, 

1=0 1=0 

where (2,, P,) is the M(V„ W)-component of {Q, P) and 

h = {hA.eE e Gj{W), hAO = X ^^^i^'^ ^^^0 = Yj(h-'U'. 

1=0 1=0 

Throughout this article, we fix two nonempty finite sets D, E of points in C, and 

-> -> 

collections k = (kt)teD, I = (h)seE of positive integers indexed by D, E respectively. 



8 



3. Preliminary results from GIT 

Recall that a quiver is a quadruple Q = (/, Q., out, in) consisting of two sets /, Q 
and two maps out, in: Q ^ /. The sets /, Q are called the set of vertices, the set of 
arrows respectively, and each h e Q is viewed as an arrow drawn from the vertex 
out(/i) to the vertex m{h). 

A representation of the quiver Q is a pair consisting of a collection of C-vector 
spaces Vi indexed by i e I, and a collection of linear maps Xh '■ Vquka) Vin(h) indexed 
hy h e Q.. For two representations given by V'.,x'i^ and Vi,Xh, a morphism from the 
former to the latter is a collection of linear maps tj/i : V'. V, indexed by / e /, such 
that i/fin(/i) o x'j^ = Xh o if/out{h) for all h € Q. It is called an isomorphism if each 0^,- is 
an isomorphism. If each t^, is just an injection, the collection (Im i/'Oie/ together with 
the linear maps Im il/oum Im ^Ain(/^) induced from Xh gives a representation of Q, 
which is called a subrepresentation of (V,, Xh). Note that subspaces X, c y„ / e / give 
a subrepresentation of (V,, Xh) if and only if XhiXoutQi)) c -X'in(;,) for all h&Q.. 

For a positive integer r G Z>o, let be the quiver with set of vertices D U {00} 
obtained by drawing r arrows both from tX.000 and 00 to t, and an edge-loop (i.e., an 
arrow h with 'm{h) = out(/j)) at t for each t e D. Let Q = for simplicity. 

Each quintuple (V, W, T, Q, P) consisting of 

• two finite-dimensional C-vector spaces V, W; 

• an endomorphism TofW whose eigenvalues are all contained in D; and 

• a point (Q, P) G M(K W) 

gives a representation of Q in the following way: 

(a) for each t e D, assign the vertex t with the vector space := Ker(r - 
?Idvt')'*™^, and assign the vertex 00 with V; 

(b) assign the arrow from ? to 00 with Q,, the Hom(Wf, V)-block component of Q; 
and similarly, 

(c) assign the arrow from 00 to t with Pt e Hom(y, Wt); 

(d) assign the loop at t with Nt := (T - tldw)\w,- 

We call such a quintuple (V, W, T, Q, P) satisfying further the following condition just 
as a datum: 




(3.1) 
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where the zero datum (0, 0, 0, 0, 0), which corresponds to the zero representation of 
Q, is understood to satisfy the above. 

Definition 3.1. A subrepresentation of a datum (V, W, T, Q, P) is a pair (X, Y) of vector 
subspaces X <zV, Y <zW satisfying that 

P(X) c Y, Q(Y) c X, T(Y) c Y. 

If (X, F) is a subrepresentation of a datum (V, W, T, Q, P), then we can consider the 
restriction (X, Y, T\y, Q\y, P\x) of the datum to the subspaces X and Y, which obviously 
gives a subrepresentation of the representation of Q corresponding to (V, W, T, Q, P), 
and vice versa. 

Representations of Q with prescribed vector spaces V at oo and Wtatt e D form a 
vector space 

RepQ(V, W) := 0(M(y, W,) e End(W,)), W = (W^teD, 

teD 

and the group GL(V) x GL(W), where GL(W) := Ofeo GL(V7,), acts on it as isomor- 
phisms of representations. 

Definition 3.2. A nonzero datum (V, W, T, Q, P) is said to be irreducible if it has no 
subrepresentations except {X, Y) = (0, 0), {V, W), or equivalently, if the corresponding 
representation of Q is irreducible. 

We also need the following condition. 

Definition 3.3. A datum (V, W, T, Q, P) with y ^ is said to be stable if for any 
subrepresentation {X, Y) of it, the equalities X = Q,V imply Y = Q,W respectively. 

Note that under the assumption V the irreducibility condition implies the 
stability condition. 

Remark 3.4. Let us fix V and consider the quiver Qdim v- Representations of 
Q&mv with prescribed vector spaces C at oo and at f e D, form a vector space 

RepQ^^^(C,W) = 0(M(C,iy,f'^''eEnd(W,)). 

t€D 

On the other hand, fixing a basis of V, we have identifications 

Hom( , V) ^ Hom( W„ Cf ^, Hom(K W,) ^ Hom(C, W,f ^. 
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Thus we have an isomorphism 

RepQ(KW)-RepQ^^^(C,W), 

which enables us to regard any datum with fixed V as a representation of the quiver 
<3dimy7 of which the vector space at the vertex oo is just C. 

Now fix a datum (V,W,T,Q, P) and suppose that a subrepresentation of the cor- 
responding representation of Qdimv is given. Then one of the following two cases 
occurs: 

(a) the vector space of it at the vertex oo is 0; 

(b) the vector space of it at the vertex oo is C. 

In the first case, the subrepresentation gives a vector subspace Y, c W, for each t e D 
such that 

namely, the pair (0, Y), Y = ^^g^, Yt is a subrepresentation of (V, W, T, Q, P). In the 
second case, the subrepresentation gives a vector subspace Y, c for each t & D 
such that 

P,{V) c Y„ Nt{Y,) c Y„ 

namely, the pair {V, Y),Y = ^^g^ Y, is a subrepresentation of (V, W, T, Q, P). 

This observation shows that when V 0, a datum (V, W, T, Q, P) is stable if and 
only if the corresponding representation of Qdimv is irreducible. 

Lemma 3.5. Let {Qt,Pt,Nt)teD 6 RepgCV, W) be the point corresponding to some 
datum (V, W, T, Q,P). IfVi^O and {V, W, T, Q, P) is stable, then the stabilizer at the 
point {Qt, Pt, N,)teD 6 Repg2(V; W) o/GL(W) is trivial. 

Proof. Suppose that b = {b,) G GL(W) stabilizes (Q,, Pt, Nt)teD, namely, 

Qtb;' = Qt, btPt = Pt, btNtb;' = Nt. 

Set Yt := Ker(bt - 1) c and F := Yt. Then the above impUes that 

Nt(Yt)cYt, ImPtCYt. 

Thus (V, Y) is a subrepresentation of (V, W, T, Q,P). By the stability condition we 
must have Y = W and hence Z? = 1. □ 
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Lemma 3.6. Suppose that V Q and let (Qt, Pt, Nt)teD 6 Rep^CV, W) be the point 
corresponding to some datum (V, W, T, Q, P). Then the Gh(W)-orbit of it is closed if 
and only if there exists a direct sum decomposition 

w = W{0) e e • • • e W{Nf'"^ 

compatible with the decomposition W = ^^W, such that: 

(a) QiWiif"') = Ofor all i >landlmPG W(0); 

(b) T preserves each direct summand; 

(c) for any i > 1 there exists Tt 6 End(VF(i)) such that r|iy(,)em; = Idc", ® Ti; 

(d) the datum {V, W{Q), r|iv(o), 2, P) given by restricting {V, W, T, Q, P) to W{Qi) is 
stable; 

(e) the datum (0, W{i), Tj, 0, 0) is irreducible for any i > 1. 

Moreover such a direct decomposition is unique up to permutation on { 1, ... , A^}. 
Proof. Let x 6 Rep^^.^^CC, W) be the point correspon ding to (V, W, T, Q, P) under the 



isomorphism given in Remark [341 It is well-known BOll that the orbit GL(W) • x is 
closed if and only if x is semisimple as a representation of Qdimv^ namely there exists 
a direct sum decomposition 

X = xiOf"" e x(\f'"' e • ■ • e x(^)®'"" 

by irreducible representations x(i), and furthermore such a decomposition is unique 
up to permutation on {0, 1, . . . , A^^}. 

Since the vector space at the vertex oo of the representation x is just C, we may 
assume that the vector space at oo of x(0) is nonzero and those of all the other x(i) are 
zero. Then we must have mo = 1 and the vector space at oo of x(0) is just C. Now for 
each / > 0, the vector space W{i) is given by the direct sum of those of x{i) among all 
the vertices contained in D. □ 

Lemma 3.7. A datum (V, W, T, Q, P) with V is stable if and only if the following 
two conditions hold for any t 6 D: 

(a) Ker^nKerA^, = 0; 

(b) lmPi+JmNt = W^. 
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Proof. Without loss of generality we may assume D = {0}, and hence T = N is 
nilpotent. We drop the subscript t = O 'm what follows. 

The 'only if part is obvious because (0, Ker Q n Ker A^^) and (V, ImP + ImN) are 
both subrepresentations. We show the 'if part. Suppose that an A'^-invariant subspace 
Y <z W is contained in Ker 2 (i.e. (0, Y) is a subrepresentation). If Y is nonzero, then 
we can take a nonzero vector w e Y satisfying Nw = because N is nilpotent. Thus 
w e KerNnY c Ker A^nKer Q, which is a contradiction. Hence 7 = 0. Next suppose 
that an A^-invariant subspace Y (Z W contains ImP (i.e. (V, Y) is a subrepresentation). 
If Y W, then consider the endomorphism A^y on W/ Y induced from A^. Since Ny is 
nilpotent and W/Y is nonzero, Coker A^y is nonzero. Thus we can take a vector w eW 
such that w i y + ImA'^Dlm/' + ImA/^, which is a contradiction. Hence Y = W. □ 



4. Properties of the map 

Proposition 4.1. Suppose that two data (V, W, T, Q, P) and (V, W, T', Q', P') with the 
same V are both stable and ^t{Q, P) = ^t'{Q' , P')- Then there exists an isomor- 
phism f:W^W' such that 

Q' = Qf-\ P'=fP, T'=fTf-\ 

Proof. For each t e D, set W, := W,® and define 

(a, Pt) ■= (Qt, Pt) © (0, 0) 6 M(y, wd = M(K Wt) © M(K w;), 
(e;, := (o, o) e (e;, p;) e m{v, %), 

and 



A^. := 



(0 0\ 



A^;, 



6 End(W^,). 



V 

Then (Qt,Pt,Nt)teD and {Q't,P',,N[)teD give points x,x' in RepQ(y, W) respectively, 
where W = {WX^. 

It is known H, Theorem 1.3] that the ring C[Repgj(y, W)]^^^'^) of GL(W)-invari- 
ant regular functions on RepQ(y, W) is generated by the functions 

X = (Q„ Pr, N,\eD ^ x(QMPs\ X 6 End(y)*, k>Q,s&D, 
X = (a, Pt, Nr),eD ^trNl k>l,seD. 

Since A^„ N'^ are nilpotent, the hypothesis ^TiQ,P) = ^r(Q',P') implies that the 
two points X and x' can not be distinguished by GL(W) -invariant functions, in other 

words, 

GL(W) • X n GL(W) • jc' ^ 0. 
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On the other hand, by the construction and Lemma 13.61 the above two orbits are 
closed. Thus x and x' must be isomorphic as representations of ^dimv- The uniqueness 
of the decomposition in Lemma [X6] implies the result. □ 

Lemma 4.2. For any system A{z) e fi^(V), there exists a datum (V, W, T, Q, P) satis- 
fying ^t{Q,P)=A{z). 

Proof. Set Wt := y®*=' and 

a:=(Aa, ••• A,i) e Hom^, V), 

( Q\ fO Idy "1 



Pt := 





Then one can easily check 



eHom(y,W,), A^, := 







} 



6 End(W^,). 



QtN'iPt = A,,+i, k = 0,1,..., kr- I, N^'=0. 



Thus setting 



W:=^Wr, T= 0(?ldw, + A^O 6 End(W^), 

and (2, ?) := 0(2„ Pr) e M(\/ W), we obtain the resuk. □ 

Remark 4.3. The datum defined above has the following meaning. The identification 
C''' - 5^, given by the basis { z'^'~^ , z'^'~^ , . . . , 1 } induces isomorphisms 

Wt ^ C'^' ®cV^ St. ®c V, 
Homc(y, W,) ^V*®cV ®c St. ^ EndcCV) ®c S k„ 
Homc(W^„ V) ^ Endc(y) 5^, ^ Endc(y) ®cS'", 
Endc(W,) ^ Endc(V) 0c Endc(5;t,). 

Under these identifications, we can write 



Qt = J] ^'--^ ®c ^ HomciWt, V), 



k=i 



Pt = Idy 0c 1 6 Homc(y, W,), 
Nt = Idy 0c 2 Ids,, 6 Endc(W,). 



The above description was also used by Woodhouse [|42h . Note that looking at A^^ in 
particular, we have 



L 6 Endcd^,) I LNt = N^L} = End^,, (W^,) = fl^V). 
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Remark 4.4. For any nilpotent endomorphism A'^ 6 End(VF), there exist a decompo- 
sition W = Wk and injections t : 



N = 











L 




Wk-i such that 
0^ 

L 

0) 



(4.1) 



Such a normal form was effectively used by Oshima 11371 13 811 . 

Proposition 4.5. For any system A(z) 6 with V 0, there exists a stable datum 

{V, W, T, Q, P) satisfying 0^(2, P) = A(z). 

Proof. Take a datum (V, W, T, Q, P) satisfying ^t(Q, P) = Mz)- We show it is stable 
if dim W is minimal among all such data. Assume that it is not stable, so we have a 
subrepresentation {X, Y) such that: 

(a) X = and 7 ^ 0, or 
(h) X=V and Y i^W. 

First assume X = and 7 ?t 0. Then Y satisfies Q{Y) = and T(Y) c Y. Thus the 
datum (K W, T, Q, P) induces a datum (V, W/Y, T' , Q',P') in the obvious way. Clearly 
we have 

Q{zUw - T)-'P = Q'(zldw/Y - T'T'P', 

which contradicts the assumption that dim W is minimal. Next assume that X = V 
and Y i^W. Then Y satisfies ImP c 7 and T{Y) c Y. Thus the datum (V, W, T, Q, P) 
induces a datum (V, Y, T\y, Q\y, P) in the obvious way, and clearly 

Qizldw - TT'P = QWizldy - TkT'P, 

which contradicts the assumption again. Hence (V, W, T, Q, P) is stable. □ 

In fact, for given A{z) 6 5^(^)5 we can also construct explicitly a stable datum 
satisfying Or(2, P) = A(z) as follows. Let (V, W, f, Q, P) be the datum defined in the 
proof of Lemma |4.21 and seti 



A, : = 







^Uk, 



e End{Wt). 



(4.2) 



^The definition of the matrix A, was suggested by Takemura. 
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Then one can easily see 

AM = NrAt, Qt = (ldv ••• 0)a,. 

The second relation implies KerA^ c KerQ,. Thus setting W := ^^KerA,, we 
see that the pair {0,W') is a subrepresentation of the datum (V,W,T,Q,P). Now 
let (K W, T, Q, P) be the quotient datum of (V, W, f, Q, P) by (0, W), namely, W := 
W/W = ^ Wf/ Ker A, and T, Q, P are the maps induced from T, Q, P respectively. 

Definition 4.6. The datum {V, W, T, Q, P) given above is called the canonical datum 
for the system A(z) e 

Proposition 4.7. The canonical datum for any A(z) 6 fi^(^) with V is stable. 

Proof. We use Lemma 13771 The condition ImPt + lmNr = Wf is equivalent to ImP, + 
ImA^, + KerA, = Wt, which immediately follows from the definitions of Pt and A^,. 
To prove KerQ, n KerA^, = 0, suppose that m> e W, represents some element in 
Ker Qt fl Ker A^;. Then we have 

Qtw = 0, AtNtW = 0. 

The first equation implies 

Pt (idv •■• 0)Aw = P,QtW = 0, 

and on the other hand, it is easy to see that 

detp(ldy ••• 0)+Nr]i^0. 

Since N,A,w = A,NtW = 0, we obtain A,w = 0. Hence Ker Q, n Ker A^, = 0. 

By Lemma 13771 the datum is stable. □ 

Remark 4.8. On the viewpoint mentioned in Remark 1431 the matrix A, is written as 

_ k, 

A, = J] A,, ®c 2''"'ld5,, e Endc(V) ®c Endc(5,,) = Endc(W^,). 

k=\ 

Remark 4.9. In what follows we assume D = {0} and omit the subscript t = 0. 

(a) The matrix A 6 End( M^) is invertible if and only if the top coefficient A^. of A(z) 
is invertible. 

(b) Set d := ord(A) (see (12.11) for the definition) and identify C'' with 5*: as in 
Remark |431 Then it is easy to see that A vanishes on the subspace V O z''Sk and so 
induces a homomorphism 
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Clearly it coincides with the matrix A e End(y <S> C'') constructed from A(z) regarded 
as an element of Sd(V). Hence the construction of the canonical datum does not 
depend on the choice ofk> ord(A). 

(c) For / = 1,2, let V be a nonzero finite-dimensional C- vector space, A'{z) e 
Sk(V'), and (V, W',N', Q',P') be the canonical datum for A'(z). Then the canonical 
datum for the direct sum A(z) := A\z) ®A^{z) 6 GkiV^ ® V^) is naturally identified 
with 

0(y', w', N\ Q', P') = (V^ e e w^, e a^^ e Q^, e p^). 

1=1,2 

More generally, if {V\ W',N', Q\P'), i = 1,2 are stable data with V' + 0, then the 
above direct sum is also stable and 

^n^^nAQ' ® Q\P'®P') = (^N<Q\P')®^M^(Q\P'). 

For a subset X of M(y, W) with V and an endomorphism T e End(W^) satis- 
fying (13.11) . we set 

X^"' := {(Q,P)eX\ (V, W, T, Q, P) is stable }. 

One can easily see that M(y, W)^'^^ is invariant under the action of the centralizer Gj 
of T (Note that Gt c GL(W)). 

Proposition 4.10. Suppose that V and T 6 End(V7) satisfies (|3.1I) . 

(a) The Gr-action on M(y, WY'^^ is free and proper. 

(b) The map induces a Poisson embedding 

M(y Wf-''IGT ^ S^iV). 

(c) //<D7-(M(y Wf-'^) n Or.(M(y, Wf-'^) ^ 0, then there exists an isomorphism 
f:W such that T' = fTf-\ 

(d) The subset M(y WY'^^ is invariant under the action ofG^{V). 

Proof, (a) Considering the Gr-equivariant closed embedding 

ip:M{y,W)^ RepQ(y W), {Q, P) ^ Pt, NdteD, 

we see that the action is free by Lemma [331 To see propemess, we use an identifica- 
tion RepgCy W) - RepQj__^^^(C, W) and consider the subset of irreducible representa- 
tions Rep^^^_^/C, W). We have 

<^(M(y wf-^') = ^(M(y W)) n Rep^"^,_^/C, W). 
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By a standard fact in the geometric invariant theory 113 3L Corollary 2.5] together with 
King's work I29I1 . the GL(W)-action on RepQ^._^^(C, W) is proper. Therefore the above 
implies the properness of the G^-action on M(y, WY'^\ 

(b) and (c) follow from Proposition 14.11 

(d) The explicit description of the action (|2.2I) shows that 

Ker(g • Q)t n KerA^, = Ker Q, n Ker 
lm(g ■ P)t + lmNt = ImPt + ImNt 

for any {Q,P) e M{V, W), g e G^(V) and t e D. Therefore Lemma O implies the 
result. □ 

Let 07- be the Lie algebra of Gt and pr'. be the transpose of the 

inclusion Qt ^ qKW). Recall that the map 

luw : M(y, W) ^ gW); (Q, P) ^ -PQ 

is a moment map generating the GL(W)-action. We set 

fiT := Pt°I^w- M(K W) 0r, 

which is a G^-moment map. 

Lemma 4.11. The map pr is G^V)-invariant. 

Proof. For each t e D, let G^, c Gh{W,) be the centralizer of Nt, Qn, be its Lie 
algebra, and pt'. QliWt) be the transpose of the inclusion g^^ '-^ sKW^f)- Then 

obviously we have pt{A,Nt) = Pt(NtAf) for any At e gl(Wt), which implies 



P,{(gt ■ PtXg, ■ Qt)) = Pt 



Pt 



J]N'^Pt{g;\g,iQtN't 

kj>0 

J]N'^^'Pr(g;\gt,lQt 



\k,l>0 

Substituting the equality g'^^(z)gt(z) = 1 (mod z''') into the above, we have 

Pt{(gfPt)(gfQt)) = Pt(PtQ,). 

Since 



MQ,P) = -[Pt(PtQt)leD e = 0^' 



we obtain the result. 
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Lemma 4.12. Suppose V i^Q. Then the tangent space of the G^{V)-orbit through any 
X 6 M(y, WY'^^ coincides with Ker d^HT, <^nd its dimension is constant on M(y, WY'^^. 

Proof. The moment map equations for Or and yUj- imply 

Ker d,^iT = T,{Gt ■ xT, Ker J,Or = r,(G,< V) • xT , 

where the superscript oj means the symplectic orthogonal complement subspace. On 
the other hand, Proposition l4.10l (b) implies 

KerJ,-Or = T,(Gt ■ x). 

Hence 

Ker d,HT = T,(Gt ■ xr = (Ker J^O^)" = r,(G,<V) ■ x), 
whose dimension is constant on M(y, WY'^^ by Proposition 14 .101 (a). □ 

Remark 4.13. The above lemma implies that for any x e M(V', WY'^\ the subspaces 
Ker dxfiT and Ker d^^r are symplectic orthogonal complement to each other, namely 



the pair (/ij-, O7-) is a dual pair of moment maps in the sense of Weinstein [14 ih . as 



mentioned by Harnad [|2lh 



Theorem 4.14. Suppose V ^ 0. Then for any G^{V)-coadjoint orbit O, there exist a 
finite-dimensional C-vector space W, an endomorphism T ofW, and a Gj-coadjoint 
orbit O c g*j. such that the map Oj- induces a symplectomorphism 

^ij\Of-''IGT ^ O. 

Moreover the choice of (W, T,0) is unique in the following sense: if another triple 
{W , T',0') has the same properties, then there exists an isomorphism /: W ^ W 
such that fTf-^ = T' and fOf-^ = O'. 

Proof Take any A{z) e O and then a stable datum {V, W, T, Q, P) satisfying A(z) = 
Or(2, P). Let O <z he the coadjoint orbit through fiT{Q,P). Then by Proposi- 
tion [OOl (d) and Lemma |4?m the subset fi:^^(py'^^ is G^(y)-invariant and hence by 
equivariance, its image under Oj- is a G^(V)-invariant subset of 0^(^) containing O. To 
see that the image actually coincides with O, we have to show that the induced G^(V)- 
action on Hj^{OY'^^ IGt is transitive, or equivalently, the restricted G^(y)-action on 
ljCj}{aY'^^, where a 6 (9, is transitive. 

Proposition |4.10l (a) implies that iXj^{af'^^ is a pure-dimensional smooth subvari- 
ety, and in which, by Lemma |4.12[ any G^(y)-orbit is a Zariski open subset. Therefore 
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in order to show the transitivity of the action, it is sufficient to show that //^'(or)^"'*' is 
an irreducible variety. 

To see that fi'^ia)^'^^ is irreducible, consider the first projection cp: iXj^{aY'^^ 
Hom(W, V). By the definition of hj and Lemma [3771 we see that any nonempty fiber 
of is a Zariski open subset of an affine space. Moreover Lemma |4 . 1 5 1 below shows 
that is a dominant morphism and every nonempty fibers have the same dimension, 
because any g e G^{V) induces an isomorphism between the fibers ip~^{Q) and ip~^{g ■ 
Q). Therefore we may apply the following fact (c.f. [|l4l . Lemma 6.1]) to deduce that 
lj.j^{af'^^ is irreducible: 

If X is a pure-dimensional scheme, Y is an irreducible scheme and 
f : X ^ Y is a dominant morphism with all fibers irreducible of constant 
dimension, then X is irreducible. 

The uniqueness assertion immediately follows from Proposition l4.1[ □ 

Lemma 4.15. Let V, W be two C-vector spaces and let N e End(V7) be a nilpotent 
endomorphism of W with N'' = 0. Define an action of Gk(V) on Hom(W, V) as in 
(|2.2I) . Then the restricted action on the subset 



is transitive. 

Proof. Let Q, Q' e Hom(W, V) and assume that both QlKerw and Q'Ikctn are injective. 
Then we solve the equation 

k-i 



By the assumption we can find e Gh(V) satisfying the above. Next, we restrict the 
both sides of (I4.3|) to KerN^. Then we have 



{ Q e Hom(VK V) | QlxerN is injective } 




(4.3) 



i=0 



First we restrict the both sides to Ker A'^. Then we have 



or equivalently. 



glQNkerN^ = (2' -^O0lKeriV2- 
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Because QIkbi-n is injective, the kernel of QNlf^^vN^ is just Ker A^^. Also, we have Q' - 
goQlKerN = 0. Heuce the both sides of the above equation descend to homomorphisms 
from KerN^/ KerN; 



8lQ^\KerN^/KerN - iQ' - 8 oQ)\KeT / Ker N ^ 

and we can find e End(VF) satisfying the above as QA^^lKer/v^/KerA' is injective. 

Iterating this argument inductively, we find gi e End(VK), z = 0, 1, . . . , A; - 1 with 
detgo ^ 0> satisfying the equation 



giQN' 



KerA"^ 



(-1 



and finally we obtain a desired g{z) 6 Gk{V). 



5. Harnad duality 

In this section we formulate the 'Hamad dual' in a categorical setting, and intro- 
duce some important properties of it. 

Definition 5.1. We call a sextuple (V, W,S,T, Q, P) consisting of: 

• two finite-dimensional C-vector spaces V, W; 

• (5, T) e End(y) e End(l¥); and 

as a Hamad datum. 

We always assume our Harnad data (V, W, 5, T, Q, P) satisfy Condition (13.11) and 

-^Idy)'' =0, (5.1) 

where the zero datum (0, 0, 0, 0, 0, 0) is understood to satisfy these two conditions. 

Harnad data (V, W,S,T, Q, P) (satisfying (|3.1I) and (15.11) ) form an abelian category, 
which we denote by (H^. A morphism from (V, W,S,T, Q, P) to {V , W\ S ', T' , Q' , F) 
is a pair (/y, f^) of linear maps /y : V ^ V and fw'- W ^ W satisfying 

fyS = S ' fv, fwT = T'fw, 
fvQ = Q'fw, fwP = P'fv. 
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Now consider systems of linear ordinary differential equations of the form 



such that S = lim,^co A(z) satisfies (|5.1I) . We define an abelian category ^-O^ by 

• an object of fDj^ is a pair (V, A) consisting of a finite-dimensional C-vector space 
V and a system A(z) g gl(V) ® such that lim,^oo satisfies (ISTTI) : 

• a morphism from (KA) to iV',A'), where A(z) = 5 + Z A^fe - A'(z) = 
5' + JjA'^i^(z- t)~^, is a linear map /: V ^ V satisfying / o 5 = S' o f and 
/ o A,,^ = A;^ o / for all t, k. 

Then it is easy to see that 

O: {V,W,S,T, Q,P)^{V,S +<!>T(Q,P)) = iV,S +Q{zldw-Tr'P) 

defines a functor from fHj^ to fDj^ (the map between the sets of morphisms is given by 
the projection {fv,fw) ^ fv)- The notion of canonical datum (Definition 14.61) gives 
a 'section' of O; for (K A) e Pj^, letting 5 := lim.^eo A(z) and (V, W, T, Q, P) be the 
canonical datum for the fi^(y)-component of A(z), set 



By the construction of the canonical datum, it then defines a functor from fDj^ to fHj^ 
and satisfies O o /c = Id. Note that there is an equivalence of categories 




k(V,A) S,T, Q,P). 



cT-fH^^ {Hf, {y,W,S,T, Q, P) ^ (W, V,T,S, P, Q), 



which together with O induces 



O o (r(V, W,S, T, Q, P) = {W,T + P(^Idy -ST'Q) 

= {W,T-^'s(Q,P)), 



where ^ denotes the indeterminate for pp 



Definition 5.2. We call 



HD := O ocro/c: ^Df 



as the Harnad dual functor. 



Here we give two simple examples. 
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Example 5.3. (a) If any fi/t,(^)"Component of A{z) is zero (i.e., A(z) = S), then the 
corresponding canonical datum is zero, whence HD(y, 5) = (0, 0). 

(b) Let us compute the Hamad dual HD(y,A) in the case (V,A) = (C, s + a) for 
some s e E, a(z) = Z ^tjiz - tyj e fi^(C). Set dr := ord(a,) and let (C, W, T, Q, P) 
be the canonical datum for a{z), which defines {Wt, Nt, Qt, Pt) for each t e D as usual. 
Then Remark |4~9l shows that Wt = G^' (which is understood as zero if J, = 0) and 

Qt = (at4, at4,-x ••• au)eHom(C^',C), 



P,= 



6 Hom(C, eO, Nt = 







1 





1 



e End(C')- 



For t, t' e D, let 



( 



^ 



••• 

.(Xt4, o:t,d,-i ••• (^t,\ 

Then the Harnad dual (W, B) = HD(C, s + a)is described as 

R 



6 Hom(C'',C^'')- 



B{0 = T + 



R = PQ = (Rt'A'jeD. 



Considering the sub-objects, we define the following: 

Definition 5.4. (a) A subrepresentation of a Harnad datum (V, W,S ,T, Q, P) is a pair 
(X, Y) of subspaces X cV, Y cW satisfying 

S{X) c X, TiY) c y, Q(Y) c X, P(X) c Y. 

A nonzero Hamad datum (V, W,S,T, Q, P) is said to be irreducible if it has no nonzero 
proper subrepresentations. 

(b) A pair {V,A) 6 fDj^ with V h said to be irreducible if V has no nonzero 
proper subspace preserved by all At^u and S . 

Any subrepresentation of a Harnad datum (V, W,S,T, Q, P) is also that of the da- 
tum (V,W^,r, Q,P). 

Lemma 5.5. If a Harnad datum (V, W,S,T, Q,P) e (H^ is irreducible and V Q, 
then the datum {V, W, T, Q, P) is stable. 
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Proof. Suppose that a subrepresentation {X, Y) of the datum (V, W, T, Q, P) satisfies 
X = or X = V. Then S (X) c X, and hence the pair (X, Y) is a subrepresentation of 
(V, W,S,T, 2, P). Therefore the irreducibility of (V, W,S,T, Q, P) implies the stability 
of (V,W,T,Q,P). □ 

Lemma 5.6. Let (V, W,S,T, Q, P) e /H^ with V Q and suppose that (V, W, T, Q, P) 
is stable. Then {V, W,S ,T, Q, P) is irreducible if and only if^iV, W,S, T, Q, P) 6 fDj^ 
is irreducible. In particular, a pair {V,A) e fD^ with V + Q is irreducible if and only 
if Kiy,PL) 6 fH^ is irreducible. 

Proof. We use the normal form mentioned in Remark |44l namely, take decomposi- 
tions Wt = Wt,k together with injections l : Wt,k Wt,k-\ such that A^; is written as 
in (|4.1I) . We regard Wt^k c Wt^k~i using l. Note that if we denote by 2, ,t (resp. Pt^t) the 
block components of Q, (resp. P,) with respect to the decomposition Wt = Wt^k, 
the system A(z) : = S + Ot(Q,P) satisfies 

A,,k = ^ Qt,jPt,j+k-i- 
j>i 

Now we show the 'only if part. Suppose that a subspace X <z V is preserved by 
all A,^k and S . Then we set 

j>k k 

Obviously we have Pt{X) c Y, and Nt(Yt) c 7,. Moreover, we have 



k>\ 

fel i>k 
k>\ 

Thus we see that the pair (X, 7), where 7 = ^ 7,, is a subrepresentation of the Hamad 
datum (V, W,S,T, Q, P). Because (V, W,S,T, Q, P) is irreducible, we have X = or 
X = V. Hence (V,A) is irreducible. 

Next we show the 'if part. Suppose that a subrepresentation {X, 7) of the Hamad 
datum (V, W,S,T, Q, P) is given. Then we have S{X)cX and 

AM = Q,N';-'P,(X)ciX. 

Thus by the irreducibility of (V,A) we get X = or X = V. Because the pair {X, 7) 
is also a subrepresentation of the datum (V, W, T, Q, P) which is stable, this implies 
Y = or Y = W respectively. Hence (V, W,S,T, Q, P) is irreducible. □ 
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Lemma 5.7. Let {V, W,S,T, Q, P) e fH^ with V and suppose that (V, W, T, Q, P) 
is stable. Then {V,W,S ,T, Q, P) and its image under /<: o O are isomorphic as objects 
in /Hp- 

K o 0(V, W,S, T, Q, P) ~ (K W,S,T, Q, P). 

Proof. Note that /c o O effects no change in both V and S . Therefore Proposition 14.11 
together with Proposition l4.7l gives a desired isomorphism of the form (Idy, /). □ 

Theorem 5.8. If(V,A) e f)^ is irreducible and {V,A) + (C, s) for any s e E, then 
HD(y,A) is also irreducible and 

HDoHD(y,A) ~ (KA). 

Proof. The assumption together with Lemma [5^ implies that k{V,A) e fH^^ is irre- 
ducible, and so is cr o k{V,A) since a clearly preserves the irreducibility. 

Nowset(V, W,5,r, Q,P) := k{V,A). If ^ 0, applying LemmaEJto o-oy^(y,A) 
shows that (W, V,S ,P, Q) is stable. Thus we see from Lemma [531 that HD(V,A) = 
O o (T o k(V,A) is irreducible, and hence by Lemma |5J] we have 

HD o HD(y, A) = Oo(ro(/coO)oo-o k{V,A) 
~ O o (cr o cr) o k(V,A) 
= Q>ok{V,A) = (V,A). 

If W = 0, the construction of the canonical datum shows that A{z) = S . Then the 
irreducibility of iV,A) = (V,S) implies that V = C and 5 is a scalar satisfying (|5.1I) . 

□ 

The following is an immediate consequence of the above theorem: 

Corollary 5.9. An irreducible pair (V,A) e fDj^ satisfies HD(V,A) = (0, 0) if and only 
if(V,A) ~ (C, s)for some s £ E. 

For a subset X of M(V', W) with V7 ^ and an endomorphism S e End(y) satisfy- 
ing (|5.1I) . we set 

^s-st :={iQ,P)e M(y W) \ (W, V,S,P, Q) is stable }. 

Let Gs c GL(y) be the centralizer of 5, Qs be its Lie algebra, and ps : qK^) 

be the transpose of the inclusion Qs ^ qK^)- Then the composite jXs '■= Ps ° 
jjiy : M(y, W) ^ 05 is a moment map generating the G5 -action. 
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Theorem 5.10. Let (V, W,S,T, Q, P) be an irreducible Harnad datum with V,W 0. 
Let 

• Oy be the G^{V)-coadioint orbit through 07-(2, P); 

• Ow be the GfWycoadjoint orbit through ^s{Q, P): 

• Ot be the Gj-coadjoint orbit through fJ^riQ, P): <^nd 

• Os be the Gs -coadjoint orbit through jUs (Q, P). 

Then the two spaces 

{y,A) is irreducible, 



m'^{0v,0s): = 



A{z) e S 



Ps(ResA(z)) 6 -Os 



/Gs, 



and 



(W, B) is irreducible, 
Pt{Kq^B{0) e -Ot 



IGt, 



are both holomorphic symplectic manifolds and symplectomorphic to each other. The 
symplectomorphism is given by {W, -B(^)) ~ HD(V, A(z)). 

Proof. By Theorem 14. 14[ we have a G5 -equivariant symplectomorphism 

S + Or : iUj\Ot)^'"'/Gt ^ 5 + Oy. 

Under this isomorphism, the Gs -moment map />5 o^y on the left hand side corresponds 
to the map -ps o Res2=oo- Thus we have a bijection 

5 + Or : M~s\Os) n fi-^^OTf-'' /Gs x Gt 

^ |a(z) 6 5 + Oy ps(ResA(z)) e -Os } /Gs. 

Similarly, we have a bijection 

- r + ¥5 : fis\Os)s-st n iu-t\Ot)/Gs x Gt 

B(0 e-T + 0w 



Pr(ResTO)e-<9r|/Gr. 



If a system A(z) e 5 + Oy is irreducible and (V, W, T, Q, P) is a stable datum satisfying 
^AQ, P) = Mz) - S , then the Hamad datum {V, W,S,T, Q, P) is also irreducible by 
Lemma [5]6l and hence so is B(^) = -T + ^siQ, P) by Lemma 1531 again. The result 
follows. □ 
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Remark 5.11. In the situation of Theorem 15 .101 take an arbitrary R 6 p^^{Os) and 
let Oy^oo be the G2(y)-coadjoint orbit through -Sw~^ - Rw~^, where we use w as the 
indeterminate instead of z. Note that Oy oo does not depend on the choice of R. Indeed, 
for any other i?' 6 p^^iOs), we can find a e Gs satisfying 

aRa'^ - R' e Kerps = Imad5, 

namely, there exists some b e End(y) such that aRa~^ = R' + [S,b]. Then setting 
g(w) := a + haw e G2(V), one can easily check that g ■ {-Sw~^ - Rw~^) = -Sw'^ - 
R'w~\ 

Using Oy^co, we now have the following description of 9Jt^^(0v/, Os): 
071^^(0,/, 6)5) ^ m'\Ov,Ov,oo) := 

-Aoo,2 + A^{z) is irreducible. 



(A"(z),Aeo(w)) eOyxOi/,0 



Aeo,i =ResA"(z) 



/GL(V), 



Z=co 



where Aoo(w) = Aoo,iw ^ +Aoo,2W ^. The symplectomorphism is given by 

5 + Oy 9 A{z) ^ (a{z) - S, -5w"^ + (Res A(z))w"^). 

The second component -Sw"'^ + Res2=ooA(z) on the right hand side is equal to 
the principal part of the Laurent expansion of A{z)dz at z = = 00. Therefore 
we refer to 0Jl"^(Oy, Oyoo) as the naive moduli space of irreducible systems having 
singularities on DU {00} with truncated formal type (Oy, Oyoo). Since the map 



Oy X Oyeo 3 (A^'(z), Aeo(w)) ^ AeoJ - RcS A'Xz) 

Z=ca 

is a GL(y)-moment map, njl"(0y, Oyoo) is an open subset of the symplectic quotient 



of Oy X Oyoo by the GL(y)-action, which was studied by Boalch lIlOll . 



Remark 5.12. If both S and T are semisimple, then we have Gs = Y\s Gh{Vs) and 
Gt = Y\t Gh{Wt). In such cases the open subset of 



lu-s\Os)n^-j^\OT)/GsxGT, 

all irreducible Harnad data with fixed (V,W,S ,T), is the Nakajima quiver va- 
riety [|34n associated to some graph. Therefore Theorem 15.101 tells us that the two 



given 



naive moduli spaces DJlf{0v,0s) and TVj{0w,0t) are symplectomorphic to the 
same Nakajima quiver variety. It is a typical example of Boalch's 'diff"erent real- 
izations' (see fil3L §4.7] and also e 

Appendix A]). 
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Remark 5.13. Assume E = {0} and / = (1). Let (V, W, 0, T, Q, P) be an irreducible 
Harnad datum with S =0,V,Wi^O. Then (V, A) = <D(y, W, 0, T, Q, P) and its Hamad 
dual (W, B) = HD(V; A) are written as 



A(z) = Qizldw - TT'P, BiO = T + Y- 
Consider the operator 

^(^ - BiO + r'idw) = ^-^-T^-PQ + Idw 

corresponding to the system B(0 - ^ ' Ww- The inverse Fourier-Laplace transform 
5^"' : ^ -d/dz, d/d^ i-^ z of it is given by 

d d I d \ d 

-—z + T—-PQ + Idw = -(Mm/ + z—) + T—-PQ + Idw 

dz dz ^ dz' dz 

= -(zldw-T)-^-PQ, 

dz 

which corresponds to the system A(z) := -(zldvi^ - T)~^PQ. The relation 

A(z)Q = Qizldw - TT'PQ = -QA(z) 

means that Q: W ^ V gives a morphism from {W,-A) to (V,A). Note that Q is 
surjective and P is injective because the pairs (Im Q, W) and (Ker P, 0) are both sub- 
representations of the irreducible Hamad datum (V, W, 0, T, Q, P). In particular, (V,A) 
is an irreducible quotient of (W, -A). So we have a commutative diagram 

(V,A) (W,B) 



quotient 



shift by -C 



(W,-A) iW,B-C'). 
When T is semisimple, a regular singular system of the form 

izldw - T)^ = Ru, ReEndiW) 

dz 

is called a system of Okubo normal form and has been studied by many researchers 
(see e.g. BHHH). Kawakami Il27l1 further studied systems of the above form 



for arbitrary T (then irregular singularities appear), and construct a functor from the 
category of triples {W,T,R) to that of pairs {V,A), which is defined as follows: for 
given triple (W, T,R), write R = PQ, where Q: W ^ V := W/ Keri? is the projec- 
tion and P : V W is the injection induced from R, and then send it to the pair 
(K Q(z Idw - Ty^P). Note that it coincides with the left vertical arrow in the previous 
diagram. 
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Remark 5.14. So far we have restricted our Harnad data by Conditions (13.11) and (|5.1I) 
using some fixed D, E, k, I. Considering here various D, E, k, I at once, we obtain the 
category "K of all Harnad data, and similarly, the category D of pairs {V,A) consist- 
ing of a finite-dimensional C-vector space V and an End(y)-valued rational function 
A{z) which is bounded locally near oo. Then using Remark |4.9[ (b), we can show 
that the functors O, /c, HD are uniquely extended to functors Q) .'H^!D,k.!D^ 
"K, HD: !D ^ !D. All the results, except Theorem 15 .101 obtained in this section can 
be rephrased in terms of these categories/functors. 



6. Generalized middle convolution 

For a G £,-(C), we define the addition functor with a by 

add„ : ^^Df ^ ^Df, {W, B) ^{W,B + a). 
Now the generalized middle convolution is defined as follows: 
Definition 6.1. For a e fi/(C), we define 

mCa '■= HD o adda o HD : fT)^, 
which we call the middle convolution functor with a. 

Example 6.2. (a) If 6 £, a{^) = A/^ and iV,A) is Fuchsian, mCaiV,A) coincides 
with the original middle convolution mc^(y. A). 

(b) As a simple example, let us consider the case that D,E = {0} and {V,A) = 
(C, a) is of rank 1. We omit the subscript ? = as usual. By virtue of Example [53J (b), 
we already know that in this case the Hamad dual (W, B) = HD(C, a) is given by 

W = C', BiO = N + ^, 

where d is the pole order of a, N is the d x d nilpotent single Jordan block, and R is 
defined by 

( ••• ^ 



R 



e EndCC). 



■•■ 

.ad ffrf-i ■•• «i 

Now let us compute the middle convolution mQ/^(C, a) = HD(C'', 5 -I- A/^) with 
A/^ O.lf A + ai 0, the matrix R + Ald^d is invertible. Hence the canonical datum 
(C^, V, 0, F, Q) for C\R + ^ Idc) is given by 

V' = C'^, P' =R + A Ucd, Q' = Idc", 
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whence 

mQ/^(C, a) = e'aidc" - A^)"'^') = (C^, (zWc - N)-\R + AUc^)). 
As a matrix, (zldc^ - N)~^(R + Aldci) has the (z, j)-entry given by 



[(zldc^-Nr\R + Aldc^)].j 



( ctd-j+i A . ^ . 
ad-j+i 



(6.1) 



z' 



d-i+\ 



I > J. 



If A + ai =0, the subspace Ker(i? + A Idcrf) is generated by the J-th coordinate vector in 
and hence the projection C'' C''"^ killing the d-th component gives an isomor- 
phism V = C^/ Ker(i? + Aide/) - C'"^. Under this identification, the decomposition 



R + Aldc 



( A 


CUd 



^ 

A 

Q'2 



(I 











1 



gives the matrices P' and Q'. The middle convolution is given by 

mc,/^(C, a) = (C'-\ Q'izldc^ - Ny'P'). 

As in Remark [5.13l we have 

[Q'izldc^-Nr'P']Q' = Q'[(zldc^-Ny'P'Q']. 

Since Q' = (Idc<;-i 0), we see that the (z, 7)-entry of Q'(zldcd - N)~^P' is the same as 
that of (zldcrf - NT^P'Q', which is given by (lO) . 

We give three basic properties of the middle convolution. First rephrasing Theo- 
rem [521 we have the following: 

Corollary 6.3. If{V,A) e -f)^ is irreducible and (KA) + (C, s) for any s e E, then 
mcoiy,A) ~ (KA). 

Furthermore, Theorem l5.8l also implies the following: 

Corollary 6.4. Suppose that a pair (V, A) e fD^ and a e SjiC) satisfy the following 
conditions: 

(a) {V, A) is irreducible; 

(b) iV,A) ^ (C, s) for any s 6 E; 
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(c) m^KA) ^(0,0). 
Then mCa(V,A) is also irreducible and 

mcpomCa{V,A) ~ mc„+/j(y,A) 

for any 6 £,<C). 

Proof. Clearly the addition functor adda preserves the irreducibility. Therefore The- 
orem |5^ implies that adda ° HD(V', A) is irreducible, and further that mCa{V,A) is ir- 
reducible if adda ° HD(y, A) (C, t) for any t e D,or equivalently (by Corollary 15 .91) . 
if mCa(V,A) ?t (0, 0). Furthermore, under the same assumption we have 

mcj3 o mCa(V,A) = HD o add/j o(HD o HD) o adda ° HD(y, A) 
~ HD o add^ o adda ° HD(y, A) 
= HD o adda+/j o HD(y A) = mCa+/j(V,A). 

□ 

Theorem 15 . 1 01 and Remark [5.111 imply the following (the proof is immediate): 

Corollary 6.5. Suppose that a pair {V,A) e jD^ and a 6 satisfy all the as- 

sumptions in Corollary \6.4\ Let O x Ooo c £j(y) x Q^iy) be the truncated formal 
type ofA{z), namely, the Gj^iV) x G2(V)-coadjoint orbit such thatA(z) gives a point in 
^"■(O, Oeo). Similarly, let (V^A") := mCaiV,A) and let 0"xOlci S^iV") x QliV) 
be the truncated formal type ofA"{z). Then the middle convolution induces a sym- 
plectomorphism 

mca : mt'"'(0, O^) ^ m"(0", 01). 

The rest of this section is devoted to study the behavior of truncated formal type 
(O, Ooo) 1-^ (O", O^) under the middle convolution mCa. The following example treats 
the behavior of Ooo in some special, but important case. 

Example 6.6. Suppose that Ooo = w'^Aldy for some A (where w = is the 
indeterminate for Ooo as in Remark B.llI) . Then for any representative A{z) of a point 
in TV"(0, Ooo), we have 

5=0, ResA(z) = /lldy. 

Z=oo 

Let (y W, T, Q, P) be the canonical datum for A(z). Since QP = -A Idy and /I ^ 0, we 
see that Q is surjective and P is injective. Set V = CokerP and let 2' : ^ y be 
the natural projection. Then we have an exact sequence 

> V — ^ w — ^ y > 0, 
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and -A gives a splitting of it. Let P' : V ^ W he the injection such that A ^P' is 
the homomorphism associated to this splitting; 

P{-A-'Q) + A-'P'Q' =ldw, 

namely, 

P'Q' -PQ = Aldw. 

Then one can easily see that ImP = Ker(PQ + Ald-w) and Q' coincides with the 
homomorphism induced from PQ + Aldw- This observation shows that the datum 
(V, W, T, Q', P') coincides with the canonical datum for mc^/^{V,A). By the definition 
we have Q'P' = Aldy, and hence Oti^ = -w~^ Aldvi/( ■ Thus we see that the middle 
convolution mcA/^ induces a symplectomorphism 

ajl'"'(0,w-'ildi/) ^ Tr"(0'"^,-w-UldvAid, 
and dim V'^^^ = dim W - dim V. We will use it in the next section. 

From now on, we mainly treat systems satisfying the following property: 
Definition 6.7. An element in Sk{V) of the form 

A(z) = 0(^(z)ldv, + -), 

associated to 

• a finite subset Z c Sk{C) whose elements are all residue-free; 

• a decomposition V = ® ^gj; Va by nonzero subspaces Va, A el,; and 

• matrices Ya e End(V^), A el, 

is called a Hukuhara-Turrittin-Levelt normal form, or simply, a normal form. 

An element A{z) e &k{y) is said to have a normal form if it is equivalent to some 
normal form under the Gyt(V)-action. A normal form A(z) equivalent to A{z) (which is 
unique up to GL(y)-conjugation by Proposition 16.81 below) is called the normal form 
ofA{z), and each i 6 2 is called a spectrum of A{z). 

A system A{z) e &%{V), or a pair (V, A) 6 jD^, is said to have a normal form at 
t e D if its £^^,(y)-component A,(z) has a normal form. 

Note that for any normal form A(z), its coefficient matrices 

k 

A,GEnd(y), A(z) = J]AiZ-', 

i=l 

satisfy the following properties: 
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(a) Ai, . . . , commute with one another; 

(b) A2, . . . , A;t are all semisimple. 

Each simultaneous eigenvalues (A2, .■■,Ak) of (A2, . . . , A^) give a spectrum of A(z) 
by A(z) = Hf=2 '^iZ'^ and the subspace is given by the corresponding simultaneous 
eigenspace. 

Proposition 6.8. If two normal forms A(z), A'(z) are contained in the same Gk(V)- 
coadjoint orbit, then there exists a e GL(y) such that A'(z) = aA(z)fl~\ 

Proof. Let A(z) = 2 A,z~', A'(z) = 2 A^z"' and suppose that there exists g{z) = 
YjigiZ' e Gk(V) such that ^ • A = A'. It means g(z)A(z)z'' = A'(z)g(z)z'' modulo z'', 
which can be written as 

k-l 

J]{Ai,igi-gAli) = 0, 1=1,2,. ..,k. 

1=0 

Looking at the relation for I = k, we obtain goAk = A'go. So taking the conjugation 
by ^0 on both sides of the relation g • A = A' , we may assume that go = ^ and A^ = A^. 
Set := Qi(V) and inductively 

f), := Ker(adA, \t„J, := Im(adA, l = \,l,...,k. 

Note that f)^ c for / > 1 as Ai, . . . , A^- commute with one another. Moreover, 
since A2, . . . , A^t are all semisimple, we have 

= f)/ e 1 = 2,. ..,k. 

Now looking at the relation foil = k- 1, we have 

[Ak,gi\ G f);, A;t-i, A;_i e \]k, {^k,g\\ + Afe-i = Afc-i- 

Since = f)^ © 1)^, we obtain 

[A;t,gi]=0, A;t_i=A;_i. 

The first relation means gi G fj^. Next looking at the relation for / = ^ - 2, we obtain 

{Ak,g2\ G f);, [A^-i,gi] G f};_i, [A^,g2] + [A;t-l,gl] + Ak-2 = A!^_2- 

Since gI(VO = h'^® © and Aj:_2, A^_2 g we obtain 
[Afc,g2] = 0, [A;t-i,gi] = 0, Ak-2 = K-2- 
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The first two relations mean g2 6 i)k, gi 6 t)k-i- 

Iterating the argument inductively, we finally obtain 

giei)i+i, Ai = A-, i=l,...,k-l 

from the decomposition qI(V) = f)^^i ■ • ■ ® f)2- □ 

Remark 6.9. If the leading term of A(z) = 2/^(2 ' £ &kiV) is diagonalizable with 
distinct eigenvalues, then A(z) has a normal form A(z) = Yii^iZ'', where ord(A) = 
ord(A)(=: d) and A, is given by the Ker(ad^^)-part of A, relative to the decomposition 
qI(V) = Ker(adArf) © Im(adA^) (i.e., the 'diagonal part' of A,). 

Conversely, one can easily show that if A{z) e GkiV) has a normal form, then its 
leading term is semisimple. 

Remark 6.10. Of course we can also define a similar notion for the singularity at oo; 
(y,A) 6 jOj^ is said to have a normal form at oo if the principal part 

Aeo(w) = -Sw-^ + w'^ ResA(z) 6 62(V) 

Z=oa 

of the Laurent expansion of A{z)dz at oo has a normal form. Here one can observe 
that in general, an element 5 w"^ +Rw~^ e GiiV) has a normal form if and only if S is 
semisimple. Hence ( V, A) e fDj^ has a normal form at oo if and only if 5 = limj._>oo A{z) 
is semisimple, which is equivalent to that HD(V', A) is Fuchsian at any s e E if (V, A) 
is irreducible. 



Remark 6.11. Let !F := C((z)) be the field of formal Laurent series and consider 
each A(z) 6 £/t(V) as an element of End.jr(V ®T) - gl(V) ® T, on which the group 
Awifiy ® T) acts as gauge transformations; 

A^ gm:=gAg-' + '^g-\ geAnir{V®T). 

dz 



A fundamental fact in the Hukuhara- 
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urrittin-Levelt theory of meromorphic linear 



3911 is that for any system A(z) e QiiV) ® T, 



ordinary differential equations 124 , 
there exists a positive integer b such that the pull back of the form A{z)dz via the 
ramified covering map : z i-^ is equivalent to some normal form A{z)dz under 
the Aut^(y <8) !F)-action. For this reason, a system A(z) is said to be unramified if it is 
equivalent to some normal form A(z) under the Aut5^(y ® !F)-action (i.e., in the case 
ofb = 1). 

It is also known (see ^ §6-7]) that two normal forms A(z) = "^AiZ'', A'{z) = 
A'.z~' are equivalent under the AuiriV ® !F)-action if and only if those have the 
same pole order and there exists a 6 GLiV) such that 

aAioT^ = A-, i > 2, aexp(27r V^Ai)a~^ = exp(2:T V^Aj). 
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It implies that for any unramified system A(z) 6 sK^) ® ^ ^ there exists a unique 
normal form A(z) equivalent to A{z) such that the real parts of all the eigenvalues of 
the residue Ai = Res^=o ^^i) in [0, 1). A normal form satisfying such a condition 
is said to be reduced. 

Note that in the above we consider formal meromorphic gauge transformations. 
Replacing the action of Autjr(ViS)T) with that of the subgroup Autc[[2]](V<SiC[[z]]) (in 
other words, considering only formal gauge transformations) in the above definition 
of unramifiedness, we obtain a notion close to the one in Definition 16.71 in fact, the 
following two conditions for a system A{z) 6 &k{V) are equivalent: 

(a) A{z) is equivalent to a reduced normal form under the Gjt(y)-action; 

(b) A{z) is equivalent to a reduced normal form under the Autc[[z]](V^ ® C[[z]])- 
action. 

The direction (b) => (a) is clear because the relation g[A] = A induces the relation 
g ■ A = A in Sk{V), where g{z) e Gk{V) is the element induced from g by taking 
modulo z'' (so this direction is also true in the non-reduced case). The proof of the 
direction (a) => (b) is as follows. For given relation g • A = A in Sk(V), consider g as 
an element of Autc[u]](y<S)C[[z]]). Then it is easy to see that g[A] -A 6 0l(y)(S)C[[z]]. 
Now use JtI Lemma 1.4.1]. 

Note that Condition (b) is not equivalent to the unramifiedness. For instance, let F 
be the 2x2 nilpotent single Jordan block and set A(z) := Fz'^ which is a normal form 
by definition. Take g{z) '■= diag(l,z'') for some integer k > I. Then the unramified 
element A(z) := ^[A] has pole order k and no C[[z]]-part, so it is contained in Sk{C^). 
However it is not equivalent to a normal form under the Autc[b]](V <8> C[[z]])-action 
because its leading term is nilpotent. 

Recall that by Theorem I4.14[ each G^(y)-coadjoint orbit can be described as 
the symplectic quotient Hj^{OY'^^ /Gj for some vector space W, an endomorphism 
T e End(W) and a G^-coadjoint orbit O <z Qj via the map O^. We denote it by 
fij^ (0)y'^y Gt when we want to emphasize the vector space V. In the two lemmas 
below, we assume for simplicity that D = {0} and omit the subscript f = as usual. 
Also for T e QiiW), we denote by pr '■ qKW) the natural projection onto the 

dual of the centralizer Qt of T as before. 

Lemma 6.12. Let W be a nonzero finite -dimensional C-vector space, N e End( W) 
be a nilpotent endomorphism with N'^ = 0, and O <z q*^ be a G^-coadjoint orbit. 
Suppose that finite -dimensional C-vector spaces V, V ^ and a e C satisfy the 
following conditions: 
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(a) (i>N(juJ^(p)y'^yGN) contains a normal form; 

(b) fi~i^\0 + p/v(aldvi/))y,"**' is non-empty, 

Then the orbit <^i^{ji~f^{0 + pN{a\6.yv)il?^ /Gj^^ contains a normal form which has the 
same nonzero spectra as that in (a). 

Proof. By the assumption, the image of p.']^^{0)y'^yGN under the map O^? contains a 
normal form 

r 

Mz) = 0(^^(2) Idy,, + — ), A(z) = J] y = V,, r, e End(y,). 

Ael. ^ i=2 Ael. 

In what follows we assume e E. Replacing S with 2 U {0} and setting Vq := 0, Yq := 
make the argument below work well also in the case ^ S. 

Set cIa := ord(A + T^/z). By Remark I4i9l we see that the canonical datum for A(z) 
is given by the direct sum of those (V^, Wa, Na, Qa, Pa) for A(z) Idy, + Ta/z. The direct 
summand for A Ois given by 

Wa = Va^C^', 

QA = (A^,ldv, Aa,-ildv, ■•• A2ldy, rj e Hom(W.i, V^), 



Pa = 



( ^ 


Udy.y 



6 Hom(y,, Wa), Na = 



( Idy, 


lo 





Idy 

; 



6 End(W,), 



and for A = 0, given by 



1^0 = Vo/KerFo, A^o = 0, 

To projection 



^ Wo. 

By Proposition 14. 1[ we may assume that W = ^_^Wa and A'^ = ^^A'^^- We set 

P-=®aP^'Q-=®aQ^- 

Now take a point (Q',P') e IJ^f}{0 + pN{aldiw)%?^ ■ By using the GA^-action, we 

may assume that iun(Q',P') = P) + p^ialdw), i.e., 

P'Q' =PQ-aldw + [N,X] 

for some X e End(W). Let us write it as 

(P'Q')aa = PaQa -aldy,^ + {Na,Xaa\, 
(P'Q')a,=NaXa,-Xa,N„ A+p, 
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where the subscript 'A/u' means the Hom(Wp, V7i)-block component. By Lemma [3771 
the restriction Q'lKer/v is injective. Regarding KerA^^ as a subspace of KerA^ c W 
using the direct sum decomposition, we set V'^ := 2'(Ker A^^) for /I ^ and 



Vo ■■= v'l K. 



Since the composite of /"S'lKerw,, : Ker A^^^ W and the projection kq: W ^ Woh 
for A 0, the map n^o P' : V ^ Wq descends to a map 

which we denote by P^. Note that Ker ;7ro D Im A'^ since A^o = 0- Hence by Lemma [3771 
n()oP' is surjective and hence so is . Also we define : Wq by the composite 

Wo '"'"'°"> w^v 

which is injective since Wq c KerA?^. Clearly the pair (Q^,Pq) satisfies 

For AitO, let (V^, W^, N"^, Q^, be the canonical datum for the system 

Aiz)ldv, + — -—ldv,e6t(V'). 

z z 

By Remark[Uwe have (W^,N^^) = {Wa,Na) and 

Q1 = Qa-(0 ■■■ d.aldv,), P"a=Pa. 
Now identifying V'^ with Va by using the injection Q'lKerw,, for A 0, set 

(V, w, N, 2^ := (y; w^o, 0, 2^, P"^) e 0(y,, iv,, a^,, e^, p^). 

Then it is stable by Remark [479[ and satisfies 

^n(Q", P") = ^ © 0(^(z) Idy, + ^-^ Idy,) e S,(V'). (6.2) 
Furthermore, for A Owe have 



- PaQa + aldw, = My, ® diag(a, • • • , or, (1 - J^)ar) 
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where 



X, :=Idv 





a 

2a 











^0 ••• (dA-l)a 0^ 
Thus we obtain 

P^Q^-PQ + a Idw = [N, X,] 6 Ker p^, 

which implies 

MQ",P") = I^n(Q,P) + PNialdw) eO + PNialdw). 
The result follows. 



□ 



Remark 6.13. In the above proof, fix a collection of complex numbers := 0, 
satisfying 

(Fo - ^0 IdvoWo - ^1 Idy„) • • • (To - ^„ IdyJ = 0. 

Then it is well-known [15, §2] that the numbers 

rank[(ro - Mvo) • • • (Tq - IdyJ], i = 0,...,n 

characterize the conjugacy class of Fq. Now consider the matrix PqQo, which is by 
definition the endomorphism of Wq = Vq/ KerFo - ImFo induced from Fq. It satisfies 

r i 

rank ["[(PoGo - ^yldwo) = rank ]^(Folimro - ^yWimro) 



= rank ]~~[(Fo - Mi/J, z = 1 , 2, . . . , n. 

7=0 

Hence the matrix PqQq = PqQo - aldw^ satisfies 

i i 

rank ["[(Po 2o + «^ ^^Wo - Mwo) = rank ]~~[(Fo - IdyJ, i=l,2,...,n. 

y=i 7=0 

Since P^ is surjective and is injective, the above implies the following equalities 
for the matrix F;; := Q-^P^: 

rankFp = dim Wq = rankFo, 
rank[F;; Y](K + « - Idy^)] = rank ]^(Fo - IdyJ, / = 1 , 2, . . . , n, 

7=1 j=0 
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which characterize the conjugacy class of Fq. Therefore the normal form given by 
(|6.2I) can be computed from that contained in OAr(//^H<5)y"*'7GAr) and a, V. Note that 
in the extreme case Fq = 0, the first equality in the above implies F^ = 0. 

Proposition 6.14. Suppose that {V,A) e fD^ and a e Sj(C) satisfy all the assumptions 
in Corollary \6.4\ and additionally that (V, A) has a normal form at some t e D. Then 
the middle convolution mCa(V,A) also has a normal form at the same t with the same 
nonzero spectra. 

Proof Set (K W,S,T,Q,P) = KiV, A) and 

(W,V',T,S',P',Q') : = KoaddaoliD(V,A). 
By definition, we have mCa(V,A) = (V',S' + Q'(zldw - TT^P') and 
Pia^y -S)-'Q + aiOlAw = P'iadv -S'Y'Q'. 
Taking the residue at ^ = cx) on both sides, we obtain 

-/'(2 + Resa(^)Idiv = -/"G', 

Pn, 

and further taking the projection q{{W) 0((VF/) — > on both sides, we obtain 
HN^t, P,) + P/v,(Res a{0 Idw/,) = ^(2^ P',\ 

where Q,, P,, Q'^, P'^ are the block components of Q, P, Q', P' relative to the decompo- 
sition W = W, as usual. Set jS := Res^=oo a(0 and let O be the GA?,-coadjoint orbit 
through iJ.N,{Qt, Pt)- Then the above relation implies that the set 

ii-^\{o+PNm^w))v'''iGN, 

is non-empty, because mCa{V,A) is irreducible and hence {Q[, P\) gives a point in the 
above by Lemma 1531 Since (9, V, V and jS satisfy all the conditions in Lemma [6.12[ 
the image of the above set under Oat, contains a normal form which has the same 
nonzero spectra as that in IG^). □ 

Remark 6.15. In the situation of Proposition I6.14[ the proof of Lemma I6.12[ more 
specifically (16.21 ), together with Remark [6.131 enables us to compute the normal form 
of mCa{V,A) from that of (V, A) and the rank of mCa{V,A). 
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Remark 6.16. Suppose that (V, A) and a satisfy all the assumptions in Corollary I6.4[ 
and additionally (V,A) has a normal form at oo (see Remark [6.1 01 ) . Then it is easy to 
see that mCa{V,A) has a normal form at oo if and only if a is Fuchsian. Moreover, in 
this case, the normal form can be computed as follows. Let us use the same notation 
here as in the above proof and let V = ® V.s, V = V'^ be the eigenspace 

decomposition for 5, 5' respectively. Then writing a(^) = J^seni^ ~ ^T^cts^ we have 

where Qs, P^, Q's, P's are the block components of Q, P, Q', P' relative to the decompo- 
sition V = 0^ y,, V = 0^. V',. Set a, ■= Q,P„ := Q'^P'^. Then the normal forms 
of (V,A) and mCa{V,A) at oo are described as 

s€E seE 

Note that P.,, P'^ are injective and Q^, Q'^ are surjective because the data (W, V,S,P, Q) 
and {W,V' ,S' ,P' ,Q') dse both stable. Fix seE and let 771, ... , ?/„, be complex num- 
bers satisfying 

(Q,-77iIdvJ---(Q,-77«IdK,) = 0. 
Set ?7o •= 0- Then an argument similar to that in Remark [6. 131 shows 

dim y, = rank 2, = rankCP^g; - or, Id^), 

i i 

rank ]~~[(Q, - T]j Id^) = rank - T]j lAw) 



7=0 



= rank j^lCP, 2, - a, Idw - rjj Idw), / = 1 , 2, . . . , m. 



7=0 



These characterize the conjugacy class of P'^Q'^. If none of i]] := as + rj,, i = 0, . . . ,m 
are zero, P'^Q'^ is invertible and hence the above equalities characterize the matrix Q.'^ 
also. If there is some I such that tj'j = 0, then for z = 0, 1, . . . , m, we have 

rank ]~[(Q; - T/^Idy;) = rank[]~[(P,e, - r]'jldw)\imP,,Q.] 

0<j<i 

i 

ranklP, 2, ]~[ (P, - rj'j Idw)] i < U 

7=0 

i 

rank Idw) i>U 



0<jSi 



7=0 



which characterizes the conjugacy class of Q'^. 
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Remark 6.17. We can further generalize the middle convolution. Let us recall the cat- 
egory D introduced in Remark [5 .141 For any rank 1 object (C, a) 6 D, we can define 
the addition add a, and hence the middle convolution mca = HD o add a o HD with a, 
as endo-functors of D. However decomposing the parameter as a{^) = a + a^C^), 
where a := lim^=oo aC^), we can easily see that the first component a just plays 
the role of a translation of coordinate ^ in the middle convolution; mCa{V,A) is ob- 
tained from mCa.o{V,A) by the coordinate change ^ ^ - a. Therefore only the case 
Qr(^) = a^\0 s for some E, 1 is essential. 

7. Generalized Katz's algorithm 

In this section we generalize Katz's algorithm as an application of our middle 
convolution. Hereafter we assume E = {0} and I = (1). Hence an object of the 
category fDj^ is just a pair {V, A) of a finite-dimensional C-vector space V and a system 
A(z) € SdV). We denote by £)° the full subcategory of consisting of objects (V, A) 

k 

satisfying Res,=co = 0, namely, that A(z) has no singularity at oo. For (V, A) 6 

k 

we denote by 0(A) c £^(y) the G^(y)-coadjoint orbit through A(z). Note that if (V,A) 
is irreducible, then it represents a point in the space TV" (0(A), 0). 

Definition 7.1. An irreducible pair (V,A) e D2 is said to be naively rigid if the space 

k 

9Jl'"'(0(A), 0) consists of only one point. 

Note that the dimension of TV"(0, 0) can be computed (if it is nonempty) as 

dim m^(0, 0) = dim O - 2 dim GL(V) + 2, 

because TV"^(0, 0) is an open subset of the symplectic quotient of O by the action of 
GL(y) which acts on irreducible systems with trivial stabilizer by Schur's lemma. 

Remark 7.2. The reason why we say 'naively rigid', not just 'rigid', is the following. 
Katz originally said an irreducible local system on X := \ D to be rigid if it is 
determined up to isomorphism by its local monodromies around the points in D. A 
natural generalization of Katz's rigidity to the irregular singular case was introduced 
by Bloch-Esnault [|9|], who said an irreducible algebraic connection on X to be rigid 
if it is determined up to isomorphism by its formal (meromorphic) type on D. On the 
other hand, in the above we consider the truncated formal type 0(A), not the formal 
meromorphic type. 

Nevertheless, in a good situation, there is an implication between the two notions. 
Suppose that a pair (V, A) 6 Dt has a reduced normal form A,(z) = 2 A, (see 
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Remark [6.11|) at each teD. Then Res,=oo = implies 

^trA.i =_^trResA(z) = 0, 

teD teD 

since tr Res^=o '■ fl^C^) ^ C is G/;(y)-invariant. Let ^ . . . , a^"^ be the eigenvalues of 
repeated according to multiplicities (so n = dim V). We assume that any collec- 
tion (It)teD of nonempty proper sub-index sets /, c { 1 , . . . , n } of the same cardinality 
satisfies 

teD iel, 

This assumption implies that the trivial bundle := X x V together with the alge- 
braic connection := d - A{z)dz is irreducible (and hence that the pair (KA) is 
irreducible). Indeed, suppose that a subbundle of "V preserved by Va is given. A 
trivialization of it then gives an algebraic connection Vb = d - B(z)dz on a trivial 
bundle 'W = XxW together with an embedding (p: {"W, Vg) '-^> {"V, V^). Note that 
by the assumption and Remark 16.1 11 the connection is unramified at any teD. 
Therefore an argument similar to that in [Q, Theorem 6.4] shows that at any teD, the 
connection Vg is also unramified and its reduced normal form is given by the restric- 
tion of A, on some subspace of V (which has the same dimension as W). Thus we 
obtain a subset It <z { \, ... ,n} of cardinality dim W, which indexes the eigenvalues of 
the reduced normal form of at f (repeated according to multiplicities). Now using 
the 'polar decomposition' 

Aut^(C" ®r) = Autc[[d](C" ® C[[z]]) • G • Autc[b]](C'" ® C[[z]]), 

where 



G = { diag(z''', . . . ,z'''") I r,- 6 Z, ri < • • • < r, 



we have 



m 



= trRes B(z) = - > tr Res B(z) e - } } a|'^ + 

Z=OQ t i z=t I ^ ' ^ 

teD teD iel, 

The assumption implies W = oxW = V. Hence ("V, V^) is irreducible. 

Under those assumptions, we can show that if ("V, V^) is rigid, then the pair (V, A) 

is naively rigid, as follows. Let (V, A') e 2)2 be an irreducible pair satisfying 0(A') = 

li 

0(A). Then by Remark [6.1 1[ the £i;,(y)-component A^ of A' is equivalent to A, under 
the Autc[[z]](V ® C[[z]])-action for any t e D. On the other hand, the above argument 
shows that the algebraic connection ("V, V^O is irreducible. Hence by the rigidity, 
there is an isomorphism ("V, V^') - CV, V^), which gives for each ? e D an element of 
Aut5^(y (g) T) connecting A[ and the fi<^,(y)-component A, of A. Here, because A, and 
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A!j are both equivalent to A; under the Autc[[d](V ® C[[z]])-action, [16|, Theorem 7.2] 
implies that it is in fact an element of Autc[[z]](V ® C[[z]]). Hence the isomorphism 
extends to a holomorphic bundle isomorphism x V ^ x V, which must be 
constant and hence gives (V, A') ~ (V, A). 

Recall that any element A(z) 6 £yt(y) defines a matrix A e End(y®*') by (14.21) . 
Then the key lemma is the following: 

Lemma 7.3. For any element A{z) 6 &k{y) having a normal form, there exists a{z) 6 
fi^(C) such that 

dimZ(A) < (dimy)dimKer(A - alSv), 
where Z(A) denotes the stabilizer ofA(z) in Gk(V). 

Proof. Since dimZ(A) = dimZ(^ • A) for any g(z) 6 Gk(V), we may assume that A(z) 
itself is a normal form; 



r ^ 

A(z) = 0(i(z)ldy,, + -i) = J]AiZ-'. 

Ael. ^ r=l 



Then a slight modification of the argument in the proof of Propo sition 16.81 show s that 
an element g(z) = 8iZ' e Gk(V) stabilizes A(z) if and only if 

gi^i 6 f),- := Ker(adA,) n • ■ • n Ker(adA,), i=l,2,...,k. 

Hence dimZ(A) = 2?=i dim [)/. Similarly, one can easily see that Vj e V, i = I, . . . ,k 
satisfy the equation 



( Ai Ak-i 
A, 

lo 



Ai 

A^-i 
Ai J 



= 



if and only if 



Vj 6 Ker A; n • • • n Ker A/., / = l,2,...,k. 



Let V(ai, . . . , Uk) be the simultaneous eigenspace for (A,, . . . , A^) with eigenvalue 
(or,, ... , Uk). Replacing A with A - a Idy in the above equation, we then obtain 



dim Ker(A - a Idy) = ^ dim V{au • • • , ctk)- 



(7.1) 
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On the other hand, we have 

hi= dKViai,...,at)), i>2. 

(ff,-,...,^^) 

To describe dim f) i analogously, we apply the fact mentioned in Remark 14.41 to the 
matrix for each A = 2i>2 e 2. For any eigenvalue /li e C of F^, there exist a 
decomposition of the corresponding generalized eigenspace 

Ker(F,-iiIdy,,f'"^^ = V^Au A2, . . . , A^) 

7=1 

with V^(Ai,A2, ■■■,Ai,) = V{Ai,A2, ■ ■ ■,At) and injections 

r. V\AuA2,...,Ak)^Vj-\AuA2,...,Ak), j = 2, . . . , 

such that the matrix F^ - Ai Idy^ restricted on Ker(F^ - Ai IdyJ''™^' is written as (I4.1I ). 
Then we can compute [IbsIi the dimension of the centralizer Z(F^) as 

0,.,l2,...„lt 

dimZ(F,) = _^ ^ {dimV\A,,A2,...ak)f, 

A, j=l 

whence 

dim[)i = _^dimZ(F,)= Yj Z (dimy^(^i,^2,...,^^))'. 

Ae-E iAi,...M j=l 

Thus writing V^ai, . . .,ak) = with a = Xi-i we obtain 

dimZ(A) = Y^dim V\a)f + Z ^^'"^ " " " ' ^^"^^ 

Now we prove the lemma. First we rewrite (17.11) as 

k 

dim Ker(A - aUy) = dim V(a) + ^ ^ Z ^^"^ ^^^^ , . . . ,pi-uau . . . , uu) 

i=2 08i,...,A-i) 
k 

= dim + Z Z Z ■ ■ ■ ^^"^ 

/=2 /? j 

where (5q,„/3, denotes Kronecker's delta symbol. Setting 

k k k 

(=2 1=1 (=1 

44 



we can describe the above equality as 

dimKer(A - ^M^) = ^ 6ia,/3; j) dim V^(J3). 

Next we rewrite (17.21 ) as 
dimZ(A) = ^2^(dimyV)f + Xi Z 

a j i=2 (at,..., Ok) P j 

= ^^(dimW(a)f 

k 

^ Zi Zi Zi Zi ■ ■ ■ A^'^'-r. • • • ^"*,yA dim y^'(^) dim V'Cy) 

i=2 (Q'„...,Q'i,) /;,7 

A: 

= Z^^^"' ^ 2] Z Z ^p-y' ■ • ■ ^^-^^ ^'"^ ^^"^ 

ff ;■ !=2 /3,7 y,/ 

Using the inequality dim V-'(ar) < dim V{a), we obtain 
dim Z(A) < ^ dim V^(Qr) dim y(Q;) 

a j 

k 

+ Z Z Z ^A^^' • ■ • ^i^-y^ ^'"^ ^'^^ ^'"^ ^'(^^ 

i=2 /j,y jj 

k 

fi,y jJ i=2 



= Z Z ^'"^ ^'^^ ^'"^ ^'^^^ 

= ^ dim Ker(A - ySId^) dim V^(J3). 



Take a e SkiC) to attain the maximum of the values dimKer(A - aldy). Then 
dimZ(A) < dimKer(A - dim V^ifi) = dimKer(A - ^M^) dim V, 

which is the desired inequality. □ 
Lemma 7.4. Suppose that a pair (V, A) 6 2)2 is irreducible and (V, A) -p (C, 0). Then 

k 

the rank o/HD(y, A) is greater than or equal to 2 dim V. 

Proof. By the assumption and Lemma [5^ {V, W, 0, T, Q, P) := k{V,A) is irreducible. 
Since the pairs (Im Q, W) and (Ker P, 0) are both subrepresentations of it, we see that 
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Q is surjective and P is injective ifW Q, in other words, if (KA) (C,0) (see 
Corollary 15 .91) . On the other hand, we have QP = - ReSj.=oo = 0. Thus under the 
assumption (V, A) + (C, 0), we obtain 

dim V = rank P < dim Ker Q = dim W - dim V. 

□ 

Theorem 7.5. Suppose that a pair (V,A) e 2)2 with dim V >2 is irreducible, naively 

k 

rigid, and has a normal form at any teD. Then there exists a rank 1 system a(z) 6 
£^(C) such that the rank ofmcjii^ o aJJ-^CV, A), where A = - Res,=co a{z), is less than 
dim V. 

Proof. For each teD, take a,{z) e fii,(C) to satisfy the condition in Lemma 17.31 
for At{z), and set a{z) := Y^teo'^tiz - t). Let W be the underlying vector space of 
o add-a{V,A). Then, since {V,A) is naively rigid, using the definition of W we 
have 

2dimGL(V) - 2 = dim 0(A) 

= _^(dimG,,(V)-dimZ(A,)) 

teD 

= dim GL{V) ^k,-^ dim Z(A,) 

teD teD 

> dim V Y_i(^t dim V - dim Ker(A, - ajdy)) 

teD 

= dim V dim W. 

Hence 

dim W <(2 dim GL(y) - 2)/ dim V < 2 dim V. 

Note that the pair (V,A - aldy) is irreducible as so is (V,A). Therefore the above 
inequality together with Lemma IT4l implies A = - Res,=oo Q:{z) 0. By Example I6.6[ 
we thus have 

dim V^'^ = dim W - dim V < dim V. 

□ 

Note that the functor adda o mc^/^ o adda, where A = ReSj.=oo o;{z), preserves the 
full subcategory 2)° for any a{z) e SAC) by Example 16.61 Therefore the above theo- 

k 

rem together with Proposition 16.1 41 implies the following: 
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Corollary 7.6. Suppose that a pair (V, A) e £)° with dim V >lis irreducible, naively 

k 

rigid, and has a normal form at any teD. Then applying a suitable finite iteration of 
operations of the form 

adda o mc^/^ o adda, a e £^(C), A = Res a(z), (7.3) 

Z=co 

makes (V,A) into an irreducible pair of rank 1. 

Example 7.7. (a) Clearly all rank 1 objects in D° are irreducible and naively rigid. 

k 

(b) Let (C^, A) 6 be an irreducible rank 2 object having a normal form 



Mz) = 



^a,iz) 

Afe), 



at(z), /3,(z) 6 Bk, 



at each teD. The addition functor with -fi(z) := -T^teofitiz - t) sends (C^,A) to 
(C^,A -;0Idc2), which has the normal form A, -jS, Idc2 = {at - /3,) ® at each t. 
Let (C^, Wt,Nt, Qt,Pt) be the canonical datum for A, - /3, Idc2. As in the proof of 
Lemma [6?l2l we then see that W; - C^C^' = C^' , where dt = ord(at - fit), and Nt 
is given by the nilpotent single Jordan block. Thus we have G^, - Gd,{'C) c GL(C'^')' 
which is abelian. In particular all elements in are fixed by the coadjoint action. 
Therefore in Theorem 14.141 the G^(y)-coadjoint orbit 0(A) - fildci is described as 
jlj^iOY'^^ IGt with O being just a single (central) element. Thus we can compute the 
dimension of the naive moduli space as 

dim9Jl"(O(A),0) = dim2rt"(0(A) - fiUc^, -w'^ Rq%IS{z)Uci) 

Z=oo 

= 2 ^ dim M(C^ Wt)-2j^ dim Gn, - 2 dim GL(C^) + 2 

teD teD 

= 4Yjdr-2j]dr-6 

teD teD 

=2yj,-6. 



teD 



Now suppose that (C^,A) is naively rigid. Then the above formula implies that the 
number of points teD with J, > is at most 3, so we may assume D = {ti, tz, ti,}, and 
up to permutation the triple (d^ , dt^,dt^) is one of the following: 

(3,0,0), (2,1,0), (1,1,1). 

In all the cases, the operator (17.31) with a := -/3 makes (C^, A) into a rank 1 object. 
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Remark 7.8. In the situation of Example O (b), the case dim2n'"'(O(A),0) = 2 is 
also important. In this case, the number of points t e D with J, > is at most 4, so we 
may assume D = {t\,t2, h,t4\, and up to permutation the quadruple {dti,dt^,dt^,dn) is 
one of the following: 

(4,0,0,0), (3,1,0,0), (2,2,0,0), (2,1,1,0), (1,1,1,1). 

Unlike in the case dim 971'" (0(A), 0) = 0, the rank of (C^,A) does not change under 
the operation (|7.3I) with a : = -jS. Indeed, Example 16.61 implies that the rank of the 



resulting system is equal to Xrdim V7, - dimC^ = 4-2 = 2. It is well-known [| 35[ ] 
that through the isomonodromic deformation, the above quadruples correspond to the 
Painleve equations of type II, IV, III, V, VI respectively. 
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